We study two-dimensional gauge theories with fundamental fermions and a general first order gauge-field Lagrangian. For the case of U (1) we show how standard bosonization of the Schwinger model generalizes to give mesons interacting through a general LandauGinzburg potential. We then show how for a subclass of SU (N ) theories, 't Hooft's solution of large N two-dimensional QCD can be generalized in a consistent and natural manner. We finally point out the possible relevance of studying these theories to the string formulation of two-dimensional QCD as well as to understanding QCD in higher dimensions.
Introduction
It is known that for two-dimensional Yang-Mills theory, the action TrF 2 does not enjoy the uniqueness of its higher dimensional counterpart. In Migdal's lattice formulation [2] , the local Boltzmann weight for a plaquette ∆ of area a 2 is a heat kernel for the operator TrE 2 , given by a sum over all irreducible representations of the gauge group:
where U is the holonomy of the gauge field around the plaquette, g is the gauge coupling and C(R) is the second Casimir of the representation R. Expanding about U = 1 one shows that this approximates the continuum Yang-Mills action arbitrarily well as a → 0, and because of the well-known self-reproducing property, even with finite area plaquettes the theory is exactly equivalent to a continuum theory. The self-reproducing property is true for an arbitrary function C(R). Such a lattice action (1.1) will correspond to a first-order continuum action in D = 2 of the form:
Here F µν = ∂ µ A ν − ∂ ν A µ + i[A µ , A ν ] is the Yang-Mills field strength and E is a scalar field in the adjoint representation of the gauge group. Standard dimensional analysis applied to (1.2) gives F µν dimension 2 and E dimension D − 2, so for D = 2 power counting allows an arbitrary function f . As has been pointed out [3] , the self-reproducing property of (1.1) or the area-preserving diffeomorphism invariance of (1.2) allows exact solutions for arbitrary functions C and f , respectively. In this paper, we study the generalized two-dimensional SU (N ) gauge theory (1.2) minimally coupled to fundamental fermions in the large N limit. We demonstrate the consistency of this generalization and present ample evidence that it is both highly nontrivial and very natural. We thus add further examples to the vast number of known universality-classes of two-dimensional field theories and start addressing an amusing mathematical question: How does this modification of the gauge interaction affect the natural observables in QCD 2 , namely the spectrum of mesons and their S-matrix? But the main motivations for our work are two-fold: First, similar modifications of the bare QCD 4 action might ultimately make this theory more tractable. Second, it is extremely important to keep looking for exactly solvable models whose analytical structure can be more fully understood or which more closely resemble four-dimensional QCD.
Indeed, at present the analytically tractable model that is most analogous to QCD 4 seems to be QCD 2 in the large N limit. [1] To support this point of view, we first point out that no analytic description exist of the spectrum of D > 2 strongly coupled field theories. The situation is better in two dimensions. For example, the D = 2 sigma models with SU (N ) target spaces have very interesting analogies with QCD 4 , notably logarithmic scaling, a mass gap and dimensional transmutation, however the spectrum and exact S-matrices show fewer analogies, and there is no direct analog of confinement.
Another interesting possibility is to consider adding adjoint matter in QCD 2 , which gives a theory with roughly the number of degrees of freedom expected in a higher dimensional large N gauge theory [4] and may in the near future be analytically tractable. Finally, the finite N model is perhaps not much harder to work with numerically than the large N theory; adopting light-cone gauge and light-front quantization works equally magical simplifications at finite N , the essential difference is the presence of quark loops, which have been verified to be unimportant for certain interesting quantities (e.g. low lying masses). [5] Despite this alternative, our own attitude at present is that we pay little for the additional simplification of large N . Furthermore we find the hopes for rewriting the theory as a string theory (which only makes real sense for large N ) attractive.
Pure gauge theory (1.2) is exactly solvable for any N and has no local degrees of freedom. When fermions are introduced, the non-quadratic nature of the function f (E) will introduce complicated interactions and a general model will no longer be solvable. Nevertheless, since the only dimensionful coupling constant in the theory, g 2 , has positive dimension, one expects that the generalized theory remains super-renormalizable. As an example, we will begin in section 2 by considering the simpler model of two-dimensional U (1) gauge theory with fermions but with more general gauge interactions as in (1.2) . This "generalized Schwinger model" can be studied by the standard bosonization method. While the original (massless) Schwinger model effectively describes the meson (fermion-anti-fermion bound state) as a free massive scalar, the generalized model is an interacting scalar theory with a general Landau-Ginzburg potential. In two dimensions, Laudau-Ginzburg scalar theory is super-renormalizable, and leads to a rich family of critical universality classes, described by c < 1 conformal field theories.
We continue our discussion in section 3 with a special class of generalized QCD 2 in large N limit, with gauge field action (1.2) and f (E) = n f n TrE n . With a single The potential relevance of our study to more physical dimensions D > 2 is discussed in section 4. If QCD 2 is studied as a simple analog of QCD 4 , any of the generalized theories introduced above has a priori an equal right to be considered. More precisely, if an analytic technique exists which makes sense in arbitrary dimension 2 ≤ D ≤ 4 and whose continuum limit is unique in higher dimensions, then the dimensional continuation of this unique theory should give a preferred theory in D = 2 which may or may not be described by the TrF 2 action.
Turning this around, if we find a member of the general class of two-dimensional theories with some special simplicity, perhaps this simplification has an analog in higher dimensions as well. We discuss the possibility of using the generalized actions in higher dimensions, which generically produces a theory with the same continuum limit, but possibly more convenient cutoff scale dynamics.
In particular we propose that to learn more about the connection with string theory it may be necessary to consider the general gauge theories, since a simple string theory may give a complicated spacetime theory. We will argue that the string picture that emerges from recent work on large N QCD 2 [7, 6] can be simplified considerably if one allows generalized gauge interactions in the target spacetime.
Section 5 contains concluding remarks.
The generalized Schwinger model.
The Schwinger model describes standard U (1) gauge theory minimally coupled to Dirac fermions in two space-time dimensions. While being exactly solvable (for the massless case), it demonstrates a rich spectrum of phenomena, such as the vacuum angle, quark confinement and the Higgs mechanism, and has been studied as a toy model for more physical theories in four dimensions. Detailed accounts of the model and its properties have been given in many different approaches [8] and will not be reviewed here. We will instead consider its generalization in the sense of (1.2), and point out some new features.
The Lagrangian for the generalized Schwinger model is
In this first-order formalism, the usual Maxwell theory corresponds to taking the scalar potential f (E) = 2E 2 /π 2 . A linear term in f would be the usual theta term. The field E is a pseudoscalar and thus if f (E) is not an even function, parity will be explicitly broken in the model. The field-theoretic aspects are most clearly exhibited by bosonization (originally discovered in this context). The standard rules are:
where c is a constant related to the normal-ordering in defining the composite operator.
In the second-order formalism of the usual Schwinger model, one chooses a convenient gauge (such as axial gauge) so that the gauge field equation contains no time derivative, and can be solved as a constraint equation. The same argument applies to the first-order formalism and a general potential f (E). The bosonized Lagrangian can be written as
3)
The gauge potential appears linearly and serves as a Lagrangian multiplier. Fixing a gauge A 1 = 0 and integrating out A 0 simply gives a constraint that determines the scalar field E in terms of φ:
where the constant θ is the vacuum angle of the theory. After a convenient shift of φ by θ/2, the final Lagrangian is:
In the massless case (m = 0), the generalized Schwinger model simply describes an interacting scalar (the meson) with a general Laudau-Ginzburg potential f .
From this example, we see that a generalized two-dimensional gauge theory coupled with fermions remains super-renormalizable for a general potential f , as suggested by the positive dimension of the gauge coupling. The naive intuition that higher powers of F would be irrelevant is incorrect. The essential reason is that the gauge field has no local degrees of freedom. Power counting should be done with dimensions set by the fermion Lagrangian, giving A dimension 1 and E dimension 0. Unlike pure D = 2 Yang-Mills, we must give a renormalization prescription to completely define the model and determine the mapping between bare Lagrangians and physical models. A simple and standard choice would be to normal order the interaction using the free mass m bosonic propagator for contractions.
Mesons exist as bound states of fermions, but they may have more complicated interactions determined by f . The qualitative physics of the generalized model is typically similar to the original model, but a number of interesting modifications are possible.
First, there is the possibility of multiple vacua or even instability of the theory. The function f (E) gives the energy per unit length of a pure gauge field configuration of strength E. After bosonization, the function V (E) = f (E) + m 2 cos(2E − θ) has become a potential, and each minimum of V (E) is a possible vacuum of the theory.
If we have multiple minima E i , we have the possibility of stable states of non-zero charge q = nπ such that both left and right asymptotic fields are minima, if q = E i − E j for some i and j. The choice f (E) = cos 2E gives a particularly simple illustration. Each fermion now becomes a soliton with a gauge field 'dressing,' which modifies its mass while maintaining its non-interacting nature.
Second, we can tune to critical points of the interacting scalar theory. The simplest critical point is attained by tuning the renormalized mass to zero in a theory with generic higher order interactions. Perturbatively this would even have been possible in the original massive Schwinger model by taking g 2 negative; however such a theory would have energy unbounded below non-perturbatively. In the generalized model we can add a higher power of E with positive coefficient to fix this problem. The resulting theory has a phase transition; for g 2 < g 2 c the vacuum breaks the Z 2 charge conjugation symmetry φ → −φ. Near
we see the critical behavior of the Ising model. The generalized Schwinger model should be a good qualitative quide to phenomena we can expect in generalized QCD 2 . A point to keep in mind however is that our large N treatment will only discuss the single meson sector. Clearly some of the field theoretic phenomena we described above will already have signals in this sector. For example, a critical point will be signaled by a meson mass going through zero as a function of the couplings. However, we will hardly be able to make a complete analysis just knowing the spectrum. The proper tool to study these phenomena would be the effective field theory for the mesons.
Instabilities of the theory may or may not be visible in this sector. The reinterpretation of f (E) as a potential followed once the constant mode of φ became dynamical, which is very much a field-theoretic effect. If we are constrained to the single meson sector, and have boundary conditions E = E 0 for the the gauge field, we should only expect to see instabilities which can be detected by considering gauge fields with |E − E 0 | ≤ q. This is a classical argument of course and the actual situation will be somewhat more complicated, as we will see.
The generalized 't Hooft model.

The Lagrangian is
where E and the gauge potential A µ are N × N hermitian matrices. The field strength is
have been introduced to make planar diagrams survive in the limit N → ∞, with f n and g fixed. The f n 's are dimensionless and g has dimensions of mass. We take one flavor of fermionic quark in the fundamental. We have not taken the most general function f (E) of the introduction; powers of traces are also possible but will not be treated in this paper.
If we take f 2 = 1/8π, all other f n = 0 and integrate out E we obtain the model of [1] .
As in [1] , taking light-cone gauge A − = 0 simplifies the theory tremendously. The preliminary observation that we eliminate the gauge field self-interaction is vital but this would also have been true in any axial or temporal gauge n · A = 0. What makes lightcone gauge simplest (and the gauge in which the theory has been solved most completely) is that we can then do light-front quantization of a theory with an instantaneous (in x + ) interaction. In light-front quantization virtual pair creation is impossible, because of conservation of p − and the positivity of p − for every degree of freedom (assuming m > 0).
Physical quark pair creation is subleading in 1/N . Thus Hamiltonian evolution preserves the ψψ subsector of the Fock space and we can completely integrate out the gauge fieldthe quark self-energy is entirely reproduced by normal ordering.
Although in some ways the light-front Hamiltonian description is more physical, the reduction to planar diagrams is clearer in Lagrangian perturbation theory, as used in [1] , so our derivation of the bound-state integral equation will start there. In light-cone gauge, the Lagrangian reduces to *
and after solving for ψ L ,
We see that there are EA propagators, but no EE or AA propagator (we can regard TrE 2 as a vertex). Thus each propagator from an E n vertex must be connected to a quark line. This is what makes the model easily solvable -the gauge field self-interaction does not produce arbitrary fishnet diagrams but only a simple generalization of the rainbow and ladder diagrams of [1] . The Feynman rules are given in fig. 1 , and a representative planar diagram is in fig. 2 .
We will discuss thebound state. (It is easy to see that the generalized interactions do not change the fact that exotic mesons are not bound in leading order in 1/N .) As for 't Hooft, the problem splits into two steps; evaluating the renormalized quark propagator, and then the renormalized Bethe-Salpeter kernel. Planar diagrams are generated recursively as in [1] , and the new elements in the quark self-energy are the "M" and higher order diagrams, while the O(f n ) correction to the kernel is a sum of graphs with l and n − l gauge legs attached to the quark and antiquark. All of these graphs can be expressed in terms of the "master integral"
and absorb a factor of √ 2i intoψ. 
with n ≥ 2 where S(p) is the renormalized quark propagator
The self-energy is
and the 2PI kernel is
where
, and the incoming and outgoing quark (resp. antiquark) momenta are q and q ′ (resp. p − q and p ′ − q ′ ).
As in [1] , it is important that the self-energy does not depend on p + (as is clear from (3.4)). Physically this is because the interaction is instantaneous in x + . This allows us to do the k i,+ integrals independently without knowing Γ or m, producing
We have dropped the light cone index {−} in (3.8) . This result could also be derived by normal ordering the terms of quadratic and higher order in the LC Hamiltonian. The sgn k − there comes from fermi statistics and the expansion of the field in modes with k − > 0.
The k − integrals are infrared divergent and must be regulated. The simplest prescription would be to follow [9] and define the k − integrals as principal part integrals. However we will immediately run up against a subtlety first pointed out in this context by T. T. Wu [10] : principal part integrals do not commute in general. A physical and safe procedure is to regulate the kernels 1 p−p ′ by cutting them off at some small momentum λ, as 't Hooft did originally [1] . It is important to use the same λ for all kernels in (3.8) and safest to take λ to zero only after performing all integrations.* A naive treatment of singularities by principal part integration in this problem leads to wrong results; i.e. they differ from the λ → 0 limit of the finite λ result. We found it convenient to invoke a slightly smoother version of 't Hooft's sharp cutoff; i.e. we regulate
It is then straightforward to explicitly work out the first of the above regulated integrals:
Taking now λ to zero one finds
It is not possible to express the regulated I λ n 's with n > 2 in terms of elementary functions. We must therefore find an alternative method to deduce the correct limit of these multiple singular integrals. It is convenient to introduce the generating function
* It is by now clear that if properly derived from a physical regulator (which can be implemented in the original action), the principal part prescription, as used originally in [1, 9] and as will appear in our intermediate results below, is justified. One way to distinguish the situations in which it is valid is to note that in a Hilbert transform acting on continous functions of an appropriate type, orders of integration can be exchanged. In particular, the p.p. integral in our bound-state equation will act on smooth wave functions. A completely independent check of the spectrum found in [1] has also been done in [11] , using the axial gauge treatment of [12] .
and define
where P denotes the Cauchy principal value. Formally, the generating function u(p, p ′ ; z)
satisfies the integral equation
We can give it meaning by noting that sgn p dk P p−k should be a well defined integral operator on continuous functions; in particular the functions sgn k |k| 2ν are eigenfunctions of this operator:
In view of eqs.(3.8), (3.12) these functions are also eigenfunctions of the integral operator sgn p dk u(p, k; z):
We therefore have to find a kernel which reproduces (3.16) . This is done by noticing that sgn p dk
Using the addition formula for cot π(ν − α) one finds the (unique) expression
where z = π cot πα(z), and thus 2α(z) = 2 π arctan π z . One can check by direct computation, using the formula (derived from (3.9))
is indeed the solution of the integral equation (3.14) . Expanding in z −1 to O(z −4 ) one finds in addition to (3.13),(3.11)
It is important to notice that these loop integrals are generalized functions (distributions).
One easily verifies to low order using these explicit formulae together with (3.18) that we can recursively calculate the higher I n 's from lower orders and that the result does not depend on the order of integration. In order to test the independence of our results on the details of the infrared cutoff procedure we numerically checked our formulae to this order using 't Hooft's sharp cutoff. We found convergence to the above result (3.19) as the sharp cutoff tends to zero.
In order to calculate the contributions to the self-energy −iΓ(p) we take the limit p → p ′ of the distributions I n (p, p ′ ). All terms with powers of log | p p ′ | higher than one tend to zero while the terms linear in the logarithm give a finite, non-zero 'mass renormalization'.* The terms P p−p ′ tend to zero likewise due to our prescription (3.9):
We conclude from (3.17) that the odd order mass renormalizations are zero. The even order self-energies are both finitely and infinitely renormalized; the latter due to the presence of terms ∼ δ(0). Such infinite self-energies are already present in the original 't Hooft model and we have to study the full bound-state equation before getting worried. Following again [1] it is given by
All momenta without index are to be understood as minus-components. We can express this equation through the generating function u(p, p ′ ; z); this leads for the right-hand side to the result
where f (z) is as in (3.1). Using the identity
* Strictly speaking, this is not a mass renormalization, as is clear from considering a zero bare mass quark, which would be protected from perturbative mass renormalization by chiral symmetry. The choice of LC gauge breaks Lorentz invariance in gauge-variant quantities and allows producing a self-energy which enters the same way as a mass in the subsequent analysis.
We thank N. Seiberg for a discussion on this point.
which is again derived from (3.9) we can rewrite after some algebra the expression (3.21):
All the infrared divergences, i.e. all terms with δ(0) have canceled! This is the generalization of the correponding phenomenon in the ordinary 't Hooft model. It serves as a highly nontrivial check on the internal consistency of our models. Note also that a further mass renormalization coming from the kernel is seen in (3.23); it remains however true that only the even couplings in the action lead to mass renormalization. After going to dimensionless variables in the usual way, γ = π
one obtains the final form of the bound-state equation:
Eq. (3.24) constitutes the principal technical result of the present work. The generalized kernel results in logarithmic corrections to the 't Hooft equation; for example, turning on the couplings f 3 and f 4 in addition to f 2 = 1/8π in the 't Hooft model one obtains
Note the factor of i in front of the term linear in the logarithm, which came from the k + integral producing (3.4). It serves to ensure the hermiticity of our Hamiltonian. Indeed, as is easily seen from (3.24), all terms with odd powers of the logarithm (corresponding to odd potentials) come with such a factor of i, while even powers are real.
To complete the discussion we must find boundary conditions for φ(x) compatible with self-adjointness of the Hamiltonian implied by (3.24) . As in the 't Hooft model, the appropriate boundary condition is φ(x) = x β at x = 0 and φ(x) = (1 − x) β at x = 1, where the exponent β is determined by requiring the leading term x β−1 in the integral equation (3.24) to cancel. It must satisfy
Let us discuss some of the properties of the bound-state equation. A very useful identity is
It may be used to show with a little bit of algebra that for massless quarks (m 2 = 0, i.e. γ = 0) the wavefunction φ(x) = 1 solves the bound-state equation with mass eigenvalue µ 2 = 0 for an arbitrary potential f (z). We conclude that the massless ground-state is invariant under the generalized interactions! While being true in general, we can make this property manifest for a purely even potential by rewriting (3.24) for that subclass of models as
The existence of such a massless state in the 't Hooft model is a consequence of chiral U (1) symmetry as shown in [13] . Although in (3.1) both SU (N ) and U (1) vector symmetry are gauged, the large N limit takes the U (1) gauge coupling to zero in a way that suppresses the chiral U (1) anomaly. The simplest argument for this is that the anomaly receives contributions from Feynman diagrams with one fermion loop, which by standard large N counting is O(1/N ). This remains true in the generalized models. Conservation of the vector U (1) current in two dimensions allows writing J µ = ǫ µν ∂ ν φ, and conservation of the chiral U (1) current J 5 µ = ǫ µν J ν then implies the existence of a free massless boson [14] .
A more detailed discussion using non-abelian bosonization is given in [13] . For the 't Hooft model there is no coupling between SU (N ) and U (1) sectors. In the generalized models, terms TrE n with n ≥ 3 produce explicit couplings between the SU (N ) and U (1) gauge fields at subleading order in 1/N . This surely implies that at finite N long-distance physics eliminates the massless boson, and the bosonized action would be a good starting point for analyzing this.
We have found that adding TrE n to the action adds new terms to the integral kernel in the bound-state equation up to The new terms in the bound-state kernel are less singular at k = k ′ and correspond to short range forces. Clearly they can only be understood in the quantum theory. The terms
) with n > 2 in the bound-state kernel are analytic at x − y = 0 (zero momentum transfer) for x and y away from the endpoints 0 and 1. If we neglected the endpoint singularities, their Fourier transforms to position space would therefore be contact terms. In the limit of heavy quark masses this would be justified; the wavefunction would be highly peaked (for equal quark masses) at x = 1/2. The naive fourquark operators corresponding to these contact terms would be non-renormalizable even in two dimensions, but in the sense of an effective theory they would give a good description. Away from the heavy quark mass limit, the endpoint singularities become important, and it is not clear to us whether a local effective field theory description exists. Related to this, since the kernel is not only a function of momentum transfer, the interactions also have the slightly strange feature that the positions x − of the quarks can change instantaneously in x + during the interaction.
The new interactions will shift the masses of all mesons except the massless one (present for m q = 0). Using perturbation theory to estimate this, we find that for an even perturbation TrE 2n there is a correction at first order, with the same sign as the coupling, while for an odd perturbation TrE 2n+1 the first correction is at second order and always negative. A WKB argument shows that for the highly excited states m 2 n ∼ n the log k coupling shifts m 2 n by O(n 1−k ). We therefore expect that for sufficiently strong coupling (negative for even perturbations) we can drive a meson massless or even tachyonic.
Classically one certainly expects instability for certain potentials, as we mentioned earlier. We have preliminary numerical results for the case f 3 = 0, at the special mass γ = 1.
Our numerical method is based on the one developed in Hanson et. al. [15] and is described in the appendix. For the 't Hooft model with coupling f 2 = 1/8π 3 (chosen to eliminate some π's from the following) and γ = 1, the spectrum is (combining known analytic and numerical information) m where the lightest meson goes through zero mass. We interpret this as the instability we discussed in section 2. For |ǫ| < ǫ c we see no sign in this calculation of instability, though one might expect it to show up in a multi-meson sector. The main point is simply that the model in this sector is well-defined and different from the original 't Hooft model (for any quark mass).
We expect models with f 2n > 0, f 2n+1 = 0 to be completely well-defined and stable.
More generally, we expect that f (E) bounded below suffices, if we derive our bound state equation by expanding about the true minimum.
For very large f 3 , it is not clear whether the model will confine. Standard techniques for singular integral equations [16] should suffice to solve the pure f 3 model (since the kernel has a single pole) and one expects the integral operator in this case to have continuous spectrum. Very naively, a small f 2 coupling looks like a singular perturbation which could restore the discrete spectrum and possibly confinement. However, it could be that the correct boundary condition here is given by a different branch of (3.26) than one takes for small f 3 , which might still allow continous spectrum (as one expects from the large mass limit.)
As one approaches the critical value ǫ c , the end-point behavior of the wave functions appears to approach x β with purely imaginary β. This leads to very poor convergence in the numerical treatment of the appendix and to check our results we repeated the calculation using a simple Taylor series basis (around x = 1/2) for the wavefunctions and Richardson extrapolation in the basis size. This produced consistent results for small ǫ, but a much larger critical coupling ǫ c ∼ 0.75. It seems likely that ǫ c is determined by the condition Re β = 0 and solving for this condition in (3.26) numerically produces ǫ c = 0.676215 ± 0.000005.
As one decreases the quark mass, there will be an interesting and subtle crossover between the behavior we just saw, and the case of a massless meson, which is unaffected by these perturbations. It would be interesting to know if the resulting critical points are again roughly as expected from classical considerations. This requires more care in the numerics and we reluctantly leave the question for future work.
Higher dimensions
It is conceivable that these generalized actions could be of direct value in higher dimensions. First, we hasten to reassure the reader that in D > 2, expanding around the standard (free) UV fixed point, the new terms TrE n with n > 2 are non-renormalizable.* * The only exception is the term ǫ µνλ TrE
Rather than trying to define them in the continuum, we take as our definition of generalized QCD D a lattice gauge theory where for each plaquette Boltzmann weight we use (1.1). The study of these generalized theories in higher dimensions seems to go against two very widely accepted principles. The first is universality: the choice of bare action within wide limits is irrelevant to the study of the continuum theory, so why should we not be satisfied with the actions we know? We would reply with a two dimensional analogy: there are many models whose long distance limit realizes the physics of the three-state Potts model, for example, but if one chooses to study Baxter's definition, one can find exact solutions and make much quicker progress. Although one is not optimistic about exact solvability in realistic higher dimensional models, valuable technical simplifications might be possible.
The second is that theories with higher derivative Lagrangians are non-unitary. We have already shown that this is not true in our generalized QCD 2 but this might be thought to be a special case, unitary because the gauge field has no local degrees of freedom. However this is not the general explanation. One element of the continuum explanation is that one can write the corresponding continuum Lagrangians using higher powers of the field strength F µν but not higher derivatives of F , therefore preserving the number of canonical degrees of freedom.
We now argue that generalized QCD D on a hypercubic lattice can satisfy reflection positivity and then is the Euclidean continuation of a unitary quantum field theory. As is well known it suffices to have a positive, self-adjoint transfer matrix. Choosing a lattice axis as time, the transfer matrix could be taken as the composition of an "electric" and "magnetic" operator,
where a is the spatial lattice spacing and ∆t the time step. (We will suppress the a dependence in the formulas below.) We will take this to act on gauge-invariant wave functionals of the spatial link variables. Clearly a more symmetric definition would be
and it would suffice to show that T E (∆t) 1/2 and T B are positive and self-adjoint. Since T B
is simply a multiplication operator by the product of the magnetic Boltzmann weights, we need the individual Boltzmann weights to be positive. As for T E (∆t) 1/2 , in fact we can
for a self-adjoint Hamiltonian H E . This simply follows from the original definition of the generalized heat kernel action for the Hamiltonian H: we can show that
where H i is the Hamiltonian for the site i. In detail: we have
Now the point is that
where the Hamiltonian is constructed from generators of left rotations of U , for all V . We can therefore evaluate the r.h.s. of (4.4) for k > 2. We have verified for the U (1) case that there are finite values of the couplings compatible with positivity and have no reason to doubt it for SU (N ). Even if this positivity is lost, it is not obvious that the Minkowski theory is nonsensical, because we always have a self-adjoint transfer matrix. Correlation functions of operators whose time separations are even multiples of the lattice spacing will still satisfy reflection positivity. [17] Whether this observation is relevant probably depends on the details of a given case.
A context in which a modified action has been proposed in the past is the string interpretation of the large N limit of the strong coupling expansion as derived in [6] . The motivation can be illustrated in D = 2 and although we allude to [6] one could make the same point starting from the conceptually similar but simpler approach of Gross and Taylor [7] . Without going into a detailed description of these results, the basic idea is to expand the plaquette Boltzmann weight as
(by rearranging the character expansion) and interpret a term (TrU i ) n i as the contribution of a string configuration which locally has n i world-sheets with boundary wrapping i times around the boundary of the plaquette, in other words a n-fold cover of the plaquette with n = i |n i |. The leading term in the exponential then is interpreted as a dependence on the world-sheet area A as exp −g 2 A, while the O(1/N ) terms (which can contribute to leading orders of the free energy) are interpreted as due to insertions of additional features at branch points or other singularities of the covering. This is where the modified actions we are considering become relevant -changes to the action translate directly into changes to the O(1/N ) corrections of the action, and hence the additional world-sheet features. The idea is that from the point of view of this expansion, the simplest theory is not derived from the TrF 2 action but instead from an action which eliminates the O(1/N ) corrections in the exponential. In the language of [7] this corresponds to eliminating all world-sheet features except for the Ω and Ω −1 points. This theory has been discussed (to a limited extent) in [6] and [18] .
The most useful descriptions of the action are either as a particular case of (1.1) with f (R) = i |n i |, or as an expression similar to that of [19] in which the eigenvalues of U behave as free relativistic fermions and terms like exp −θ 2 /t are replaced by 1/(θ 2 + t 2 ).
In the form (1.2) it apparently cannot be expanded around E = 0, the usual starting point for perturbation theory. Nevertheless in the large N limit a number of calculations can be done with it and the results are non-singular. In the calculations which can be reduced to free fermions, the explanation is clearly that the fermi surface is at a 'momentum' E ∼ N and we never see the E = 0 singularity. However this is not a very general argument and one would like to see an analogous phenomenon in calculations using other methods. One of the original motivations for the present work was to examine this question; however the results presented here do not suffice, as this action requires products of the invariants TrE n for its expression. So far we see no reason why such models should be fundamentally harder to solve, but we leave such questions for future work.
Conclusions.
In this work we have formulated a generalization of two-dimensional gauge theory coupled to matter, argued that the generalized models are renormalizable and unitary, and using the techniques of the original work of 't Hooft, solved a large subclass of such models in the large N limit, in the sense that we derived a integral equation which determines the spectrum of mesons. The simple classical picture of the linear potential produced by a quark is qualitatively valid for the generalized interactions TrE 2n , but all generalized interactions produce additional short-range forces.
The models are qualitatively similar to the original model, with a typical spectrum m 2 ∼ n for sufficiently massive states, but can show new behaviors such as phase transitions or deconfinement. This was illustrated in a preliminary study of the model TrEF +TrE 2 + ǫTrE 3 +ψ( / D + m)ψ. The results also have bearing on some old questions, such as the validity of the principal part prescription as an infrared regulator (in general, it is not).
We foresee two types of applications for these models. The first is the possibility of choosing the action to produce a closer analogy to some feature of higher-dimensional gauge theory, such as logarithmic violation of scaling. The second, potentially quite important application, would be if a model in this large class turned out to have qualitatively similar physics to the original model but was in some sense exactly solvable. Perhaps most interesting would be a model which was not integrable in the sense of having a factorized S-matrix yet which allowed analytic calculation of the S-matrix to any order. Presumably this could be done if closed expressions for the meson wavefunctions could be found.
Light-front quantization is of considerable interest as a non-perturbative technique in higher dimensions, [5] and these models provide new toy examples involving massless states, symmetry breaking, and vacuum instability.
Given the interconnectedness of physics and more specifically two-dimensional field theory, and the important role played by gauge fields, it seems safe to predict that unforeseen applications will also be found.
It is also conceivable that these generalizations have some value in higher dimensions. This is not the first time such a generalization has been proposed, but we believe the present work significantly clarifies the questions which would need to be answered to justify the use of such an action.
where U n (cos θ) = sin(n + 1)θ/ sin θ and we have redefined x to make the limits of integration −1 and 1. The weight factor is not the one which makes the basis orthonormal but rather was chosen so that we can apply a standard formula from the theory of integral equations [20] : dy y − x (1 − y 2 ) 1/2 U n−1 (y) = −πT n (x). (A.2)
This weight factor also gives the prescribed endpoint behavior β = 1/2 for the special case γ = 1. The basis is also quite suitable for β > 1/2, however it does a bad job at reproducing the endpoint behavior β ∼ 0. A reasonable cure for this problem (which we have not implemented here) is to add another basis function such as (1 − x 2 ) β .
Combining with T ′ n (x) = nU n−1 , and the orthogonality of the U n 's under dx(1 − x 2 ) 1/2 , we find that in this basis the 't Hooft integral has diagonal matrix elements π 2 n/2. The resulting generalized eigenvalue problem is very well behaved numerically and a basis size of 100 gives truncation errors less than 10 −10 for the low lying masses.
Changing the quark mass requires the matrix element We can adapt this to the higher kernels simply by computing their matrix elements. For an E 3 theory we would need (φ m , H 3 φ n ) =i dxdy (x − y) 2 log (1 − x)(1 + y) (1 + x)(1 − y) (1 − x 2 ) 1/2 U m−1 (x)(1 − y 2 ) 1/2 U n−1 (y).
(A.5) The integrand now has only a single pole and the singular cutoff goes smoothly to principal part evaluation as λ → 0. This integral is particularly easy as we can write the log as the sum of two terms, and in (say) the log(1 − x)/(1 + x) term do the y integral first, using (A.2) and taking the derivative. This will give . Formally this could be done in (3.24) but it somewhat obscures the structure.
